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A scheme is proposed to entangle two systems that have not interacted by using an ancillary par-
ticle in a Mach-Zehnder interferometer, by making a suitable post–selection of the particle followed
by a conditional feedback on one of the subsystems to be entangled. For a strong interaction, the
process works deterministically. For a weaker interaction only the probability of success is reduced,
but the output continues to be a maximally entangled state.
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It is essential to produce entangled states on demand,
both for quantum computation and for quantum cryp-
tography. Furthermore, besides its potential for appli-
cations, entanglement is by itself interesting on a funda-
mental level[1–3]. A challenging problem is to produce
entangled particles deterministically, or at least with high
efficiency. Here, we show that it is possible to do so by
using a single particle as an ancilla, and by making a
measurement–based local feedback.
The setup proposed in this Letter has its roots in
the 90s, when, following a proposal by Hardy [4] , later
clarified by Peres [5], Gerry proposed an experiment us-
ing cavity quantum electrodynamics to demonstrate the
“non-locality” of a single photon [6], i.e. that a single
photon can form an entangled state with the vacuum,
a phenomenon called also single–photon entanglement.
Gerry’s proposal was further elaborated by Moussa and
Baseia [7]. In later years, some controversy arose on
the subject whether the entanglement between a photon
and the vacuum is factual or merely formal [8–11]. To-
day there are several experimental realizations of entan-
glement swapping and teleportation using single–photon
entanglement [12, 13]. More recently, Aharonov et al.
proposed a way to apparently separate a particle from
its properties [14], a phenomenon dubbed the quantum
Cheshire cat. An experimental realization was made [15],
even though it does not translate faithfully the prescrip-
tion of the original proposal. Furthermore, the exis-
tence of the phenomenon relies on a controversial inter-
pretation of the weak value [16]. In a previous paper
[17], we pointed out a connection between the Quantum
Cheshire cat and the phenomenon of entanglement swap-
ping from a single–photon entangled state to separate
systems. Here, we consider a deterministic way of realiz-
ing said swapping, i.e. we show how entangled pairs can
be created on demand if the interaction with the ancilla
is strong, we point out how the procedure works also,
but only probabilistically, if the interaction is weak. In
the latter case, perhaps surprisingly, we show that max-
imally entangled states can be still extracted, however
with a reduced probability of success. We also show how
the environment and the internal degrees of freedom of
the ancilla can degrade the performance, and how it is
important that the ancilla couple with the same strength
to each subsystem to be entangled.
FIG. 1. The setup is a Mach-Zehnder interferometer, where
an ancillary particle interacts with the subsystems to be en-
tangled, each placed at a different arm. If the particle counter
R clicks, the system 1 + 2 is maximally entangled, irrespec-
tively of the strength of the interaction (the latter being rep-
resented by a black box). If the particle counter U clicks, the
system 1+2 is only partially entangled, unless the interaction
is strong. In the latter case, by making an appropriate local
operation, say, on the subsystem 2, the pair can be brought
to the same maximally entangled state as in the case when R
clicks.
With reference to Fig. 1, we have an ancillary parti-
cle that enters a Mach-Zehnder interferometer. If it takes
path 1, the ancilla interacts with particle 1, and if it takes
path 2, it interacts with particle 2. Before the ancilla en-
ters the Mach-Zehnder interferometer, the initial prepa-
ration |A1, A2,Ψanc〉 for the system composed by the sub-
systems to be entangled (1 and 2) and by the ancillary
particle (which could be, but need not to, a photon) is a
pure factorable state. In a nondemolition measurement
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2(see von Neumann’s book [18]), if the ancilla, after the
first beam splitter, follows path 1, and hence its state is
described by |Ψanc〉 = |1, µ〉, with µ internal degrees of
freedom, the total state, after the interaction represented
by the grayed box, evolves to |B1, A2, {1, µ}〉. If the an-
cilla follows path 2, instead, the final state after the in-
teraction is |A1, B2, {2, µ}〉. The states |Aj〉 and |Bj〉 are
orthogonal if the interaction is strong, so that each sub-
system would be performing a projective measurement of
the presence of the ancilla, if it was observed in the basis
spanned by |Aj〉 and |Bj〉. In general, however, the lat-
ter states are not orthogonal. For instance, this happens
for a weak measurement, when |Aj〉 and |Bj〉 are almost
indistinguishable. Here, we shall not make any assump-
tion about the strength of the measurement. Instead, we
shall only exploit the fact, that, in general
|Bj〉 = cos θj |Aj〉+ sin θj |A⊥j 〉, (1)
where |A⊥j 〉 is orthogonal to |Aj〉. Without loss of gener-
ality, we can fix the phase in such a way that 0 ≤ θj ≤
pi/2. For θj → pi/2 we have a strong interaction, for
θj → 0 the interaction is weak.
Because of the superposition principle, the state of the
system composed by the particles 1 and 2, and by the
ancilla, before the latter reaches the second beamsplitter,
is
|Ψtot〉 = 1√
2
[|B1, A2, {1, µ}〉+ |A1, B2, {2, µ}〉] . (2)
The reduced state of 1 + 2, if the right particle–counter
or the upper counter clicks is obtained by projecting the
total state of 1+2+ancilla on the subspace represented,
respectively, by the states |R〉 = (|1〉−|2〉)/√2 and |U〉 =
(|1〉+ |2〉)/√2 , namely
|Ψ1,2〉R = 1
2
[|A1, B2〉 − |B1, A2〉] = 1
2
[
(cos θ2 − cos θ1) |A1, A2〉+ sin θ2|A1, A⊥2 〉 − sin θ1|A⊥1 , A2〉
]
. (3a)
|Ψ1,2〉U = 1
2
[|A1, B2〉+ |B1, A2〉] = 1
2
[
(cos θ2 + cos θ1) |A1, A2〉+ sin θ2|A1, A⊥2 〉+ sin θ1|A⊥1 , A2〉
]
. (3b)
The optimal result is obtained assuming an equal inter-
action strength θ1 = θ2 = θ, which we shall assume in
the first part of this Letter. In this case, indeed, the state
(3a) is a maximally entangled state, independently of the
strength of the interaction,
|Ψ1,2〉R = sin θ
2
[|A1, A⊥2 〉 − |A⊥1 , A2〉] . (4)
The normalization was chosen in such a way that |Ψ1,2|2
equals the probability of post–selection, namely
〈Ψ|Ψ〉R = (sin θ)
2
2
, (5a)
〈Ψ|Ψ〉U = 1 + (cos θ)
2
2
. (5b)
Therefore, we reach an important conclusion: The post–
selected state, when the right counter clicks, is always
maximally entangled, independently of the strength of
the interaction. For a weak interaction, the probability
of success, however, tends to 0.
On the other hand, for a strong interaction θ = pi/2,
the state (3b) is also maximally entangled,
|Ψ1,2〉U = 1
2
[|A1, A⊥2 〉+ |A⊥1 , A2〉] . (6)
Therefore, it can be reduced to the state (4) by means
of a local unitary transformation. We reach thus the
second important conclusion: For a strong interaction,
the two subsystems 1 and 2 can be entangled determin-
istically, using a post–selection based local feedback on
either subsystem.
Next, we consider the effect of the environment. We
shall not make a specific dynamical model, which would
depend on the physical realization of the proposed setup.
Instead, we shall make a general, simplified treatment,
inspired to the von Neumann approach to the measure-
ment. Before the particle reaches either counter, the final
state of the overall system formed by the subsystems 1
and 2, the ancilla, and the environment, is
|Ψtot〉 = |B1, A2, {1, µ}, E1〉+ |A1, B2, {2, µ}, E2〉. (7)
Here |E〉 denote states of the environment. Depending
which path the ancilla takes, the environment is affected
differently. The final state of the system 1+2 is obtained
by projecting over the postselection state |U〉 = (|1〉 +
|2〉)/√2 or |R〉 = (|1〉 − |2〉)/√2, and by tracing out the
environment. In general, this procedure yields a mixed
state,
3ρ1,2 =
1
4
[|A1, B2〉〈A1, B2|+ |B1, A2〉〈B1, A2| ∓ γ|A1, B2〉〈B1, A2| ∓ γ∗|B1, A2〉〈A1, B2|] , (8)
where the upper sign refers to the R counter clicking and
the lower sign to the U counter clicking, while
γ = 〈E1|E2〉 (9)
is the overlap between the two different states of the en-
vironment. Even for a strong interaction, when |Aj〉
and |Bj〉 are orthogonal, the environment reduces the
amount of entanglement. If the states |E1〉 and |E2〉 are
perfectly distinguishable, i.e. γ = 0, the entanglement
is cancelled. The reason is that in this limit the envi-
ronment works as a which–path detector, destroying co-
herence. However, if we are able to observe the states
of the environment, which means that we are not trac-
ing out its degrees of freedom, we have still an entangled
state, |B1, A2, E1〉 − |A1, B2, E2〉. We remark that the
internal degrees of freedom of the ancilla may work ef-
fectively as an environment, if they change to different
internal states on different paths, |{1, µ}〉 → |{1, µ1}〉
and |{2, µ}〉 → |{2, µ2}〉.
Finally, we consider the more general case, when the
interaction strength differs in each arm. In Fig. 2 we
plot the entropy of entanglement of the state (3a) as a
function of x1 = 1−cos θ1 and x2 = 1−cos θ2, which can
be considered effective, dimensionless coupling strengths.
The analytic formula is easily found to be
S = − x1
(
1− x22
)
x1 + x2 − x1x2 log2
(
x1
(
1− x22
)
x1 + x2 − x1x2
)
− x2
(
1− x12
)
x1 + x2 − x1x2 log2
(
x2
(
1− x12
)
x1 + x2 − x1x2
)
. (10)
In the weak measurement regime, the entanglement
is very unstable against small differences in coupling
strengths. Strongest couplings are therefore to prefer,
not only because they allow to produce entanglement
on-demand, but also because the entanglement is robust
against small asymmetries in the couplings.
In conclusion, we have demonstrated a technique to
entangle two quantum systems, by having them inter-
act with an ancillary particle in a Mach-Zehnder inter-
ferometer and then by post–selecting the ancilla. We
have shown that if the interaction is strong, the entan-
glement is obtained with 100% efficiency by making an
appropriate feedback, while, if the interaction is weak,
the fraction of the systems corresponding to a “wrong”
post–selection should be discarded in order to obtain a
maximally entangled state. In perspective, there is an in-
teresting optimization problem related to this proposal.
Let G the gain associated to a unit of entanglement and
let L the loss due to discarding a pair when the U detec-
tor clicks. We should find the optimal fraction w of pairs
FIG. 2. The entropy of entanglement, normalized to one, for
the state given in Eq. (3a), as a function of x1 = 1 − cos θ1
and x2 = 1− cos θ2.
to retain, which would be otherwise discarded, and the
optimal local unitary transformation U , such that the net
gain
N =
G
2
[
sin2 θ + w(1 + cos2 θ)
]
E1[ρ1,2(w,U)]
− L
2
(1− w)(1 + cos2 θ) (11)
is maximized. Here E1 is a measure of entanglement
with maximum value 1, and ρ1,2(w,U) ∝ |Ψ1,2〉〈Ψ1,2|R+
wU|Ψ1,2〉〈Ψ1,2|UU† is the mixed state obtaining by pick-
ing all the occurrences when R clicks and a fraction w
of the occurrences when U clicks, in which case the local
unitary U is applied.
During the completion of the present work, Ohm and
Hassler have proposed a realization of the deterministic
scheme with strong measurement by using a photon as
an ancilla and transmon qubits as systems 1 and 2 [19].
Other possibilities of experimental realizations include
photons interacting through a non–linear Kerr medium
and atoms in two cavities.
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